INTRO CALCULUS

(DIFFERENTIATION and APPLICATIONS)

Volume 1 of 2
September 2011 edition

This volume covers the topics on
a typical midterm exam.

| pgrm Wit Vou

i i Lm0 g

or Gra l Tl 9 (www tstutoring.com)
rivate is in no way affilia




While studying this book, why not hear Grant explain it to you?
Contact Grant for info about purchasing Grant’s Audio Lectures. Some concepts
make better sense when you hear them explained.

Better still, see Grant explain the key concepts in person. Sign up for
Grant’s Weekly Tutoring or attend Grant’'s Exam Prep Seminars. Text or
Grant (204) 489-2884 or go to www.grantstutoring.com to find out more about
all of Grant’s services. Seminar Dates will be finalized no later than Sep. 25
for first term and Jan. 25 for second term.

HOW TO USE THIS BOOK
I have broken the course up into lessons. Study each lesson until you can do all of my
lecture problems from start to finish without any help. Then do the Practise Problems for that
lesson. If you are able to solve all the Practise Problems I have given you, then you should have

nothing to fear about your Midterm or Final Exam.

I have presented the course in what I consider to be the most logical order. Although my
books are designed to follow the course syllabus, it is possible your prof will teach the course in
a different order or omit a topic. It is also possible he/she will introduce a topic I do not cover.
Make sure you are attending your class regularly! Stay current with the
material, and be aware of what topics are on your exam. Never forget, it is your
prof that decides what will be on the exam, so pay attention.

If you have any questions or difficulties while studying this book, or if you believe you
have found a mistake, do not hesitate to contact me. My phone number and website are noted
at the bottom of every page in this book. “Grant’s Tutoring” is also in the phone book.
I welcome your input and questions.

Wishing you much success,
Grant Shene

Owner of Grant’s Tutoring

© 1997-2011 Grant Skene for Grant’s Tutoring (text or call (204) 489-2884) DO NOT RECOPY
Grant’s Tutoring is a private tutoring organization and is in no way affiliated with the University of Manitoba.




INTRO CALCULUS 1

Formulas and Definitions to Memorize

The Definition of Continuity: f(x)is continuous at x=a if and only if lim f(x)=f(a).
X —>a

The Definition of Derivative: f'(x)= hlimo
-

f(x+h)-f(x)
h

!

The Power Rule: (x) =nx"

The Product Rule: (f-g) =f'g+fg

The Quotient Rule: [%) :TBB;ZTB

The Chain Rule:  (f(u)) = f'(u)-v

!

The Chain Rule Version of Power Rule: (u”) —nu""-u

Derivatives of Trigonometric Functions:

! !/ !

(sinu) =cosu-u’ (tanu) =sec’u-u’ (secu) =secutanu-u’

! ! !

(cosu) =—sinu-u’ (cotu) =—csc®u-u' (cscu) =—cscucotu-u’

Derivatives of Exponential and Logarithmic Functions:

!

wY _u r_u
(e ) =e" u (Inu) »
(a“)’ =a"-u'-lna (log, u)' = [0)ina
- - ' 1
Derivative of an Inverse Function: ) (a)= -
( ) ( ) fr(f— (a))

Fundamental Theorem of Calculus: Uf(t) dtj =f(u)-u
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2 INTRO CALCULUS
Antiderivative Formulas:

[K dx=Kx+C

Ix” dx = %x”” +C

Jl dx =1In|x|+C
x

Iexdx:eX+C, o) Ie‘“‘dx=%e‘“‘+€

e.g. Iesx dx:%e5x+c

X

Iax dx = lcrlla +C
Isinxdx:—cosx+C, SO jsinaxdx:—%cosax+c
e.g. jsin(Sx)dx:—%cos(Bx)+C
jcosxdx=sinx+c, SO jcosaxdx:%sinax+c
e.g. _[cos(7x) dx = %sin(7x) +C
jseczxdx:tanx+C, since (tanx)' =sec’ x
Icsczxdx:—cotx+C, since (cotx)' =—csc’ x
Isecxtanxdx=secx+C, since (secx)' =secxtanx
Icscxcotxdx:—cscx+C, since (cscx)' = —(CSCXCotx

Trigonometric Values to Memorize

T T T T
2 0 e N s e
1
sinf 0 = V248 1
2 2 2
1
cos6 1 ﬁ ﬂ = 0
2 2 2
6 0 = 1 3 defined
tan V,g 3 undetine
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INTRO CALCULUS 3
Required Theorem Proofs to Memorize
(See pages 152 to 155 for hints to help understand these proofs.)
Theorem 1: (Differentiable Functions are Continuous) Theorem 4: (The Product Rule)
(a) Prove: If a function f is differentiable at point a, then it is Given that f and g are differentiable functions, prove:
continuous at a. _ ,
(b) Isit true that if f is continuous at a it is also differentiable at (f(x)g(x)) =f (x)g(x) +f(x)g (x) ’
a? Justify your answer.
Proof:
Proof: o f(x+h)g(x+h)-f(x)g(x)
(a) Iffis differentiable at a, then f'(a) exists where (f (x)g (x)) - hhino h
f’(a) _ hlimo f(a+h}3—f(a) . _ %in_éf(x +h)g(x+h)-g(x +h)f(hx)+g(x+ h) f(x)- f(x)g(x)
lim f(a+h)= lim f(a+h) gim [ LR g(x+h)—g(x+h) f(x) g(x+h)f(x)-f(x)s(x)
h—>0 h—>0 hlfé h * h
=hli~1>n0 |:f(a+h)—f(a)+f(a)] :’llim[f(x+hz—f(x) cg(x+h)+ f(x)- g(x+hz—g(x)}
m [flath)-f(@) -
_hhino[ h e fla) =limwdimg(awrh%rlimf(x)limw
h—0 h h—0 h—0 h—0 h

= lim
h—0

- f(a)-0+ f(a)
- (@)

We have proven hlimo f(a+h)= f(a) meaning fis
—

f(a+h)-f(a)
h

- lim h+ li
A0 1 i, 1)

continuous at a.
(b) FALSE. A function can be continuous at a but not be
differentiable at a. For example, f(x)=|x|is continuous at 0

but it is not differentiable at 0.

Theorem 2: (The Constant Multiple Rule)
Given that c is a constant and f is a differentiable function, prove:

(- f(x) =e-f(x)-

Proof:

(- £(x)) = tim SR e f(x)

h—>0 h

=c- lim 7f(x+h)—f(x)
h—0 h

=c- f'(x) proven

Theorem 3: (The Sum Rule)
Given that f and g are differentiable functions, prove:

(fx)+g(x)) = F(x)+g'(x) -

h—>0 h

- lim f(x+h)-f(x)+g(x+h)-g(x)
h—>0 h

_ lim {f(x+h)—f(x) g(x+h)-g(x)
h—>0 h h

o () sleeh)-g(x)
h—0 h h—>0 h

= f'(x)+g'(x) proven

= f'(x)g(x)+ f(x)g'(x) proven

(Note that hlim g(x+h)=g(x) since g is continuous;
-0
differentiable functions are continuous.)

Theorem 5: (The Derivative of sin x.)

. . ood .
Prove: (sinx) =cosx (ie. S Sinx = cosx ).

Proof:

(sinx)' — lim w

h—0 h
& sinxcosh + cosxsinh — sin x
h—0 h
ki sin x cosh —sin x + cos x sin h
h—-0 h
. sinxcosh—sinx cosxsinh
= lim +
h—>0 h h
. . cosh-1 sinh
= lim |sinx- +Cos X -
h—0 h
cosh-1 sinh

= lim sinx- lim
h—0 h

+ lim cosx- lim
-0 h—>0 h—>0

h
=sinx-0+cosx-1

=COsXx proven
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(Intro Calculus) LESSON 2: LIMITS 31

Lesson 2: Limits

0

Memorize these two trig limits: lim S2" -1 and lim <%"=1_

h—>0 h h—0 h

Lecture Problems:
(Each of the questions below will be discussed and solved in the lecture that follows.)

For each of questions 1 to 14, find the value of the limit, if it exists. If it does not exist, is
it infinity, negative infinity, or neither? Justify your answers.

1. fim X2 2. lim __Xt2
) x — -1 x+1 ) x—)—2¢x+4—\/§
—Sy2 x-2
3. im AoVX7 4 tm 272
x >34x°-5x-21 x—>2 x-2
2 . —
5. lim # 6. lim 23—’(
MENET \5x +9x+4\ x—>5x2-10x+25
2_
7. lim X2 8. lim Jx—6
x 32~ X' =x-2 x—>6
3_ J—
9. lim Jx*-7x-18 10. lim 2X X2
x = -2 x—>o 1+3x
3 — J—
11,  ljm X *3x-2 12,  lim —>x=21

x - -0 3x*+5x+1 X—>—°O«f4x2—3x+7

2x —3)(x*+6x+5 —3x)\J4x?
13, lim (2x )(x +6Xx + ) 14, -~ (1 3x) 4x2 +5
X —> oo x*+x*+6 X — —© (5X+4)

15. Which limits in questions 1 to 14 above indicate the existence of a Vertical or
Horizontal Asymptote?

16. Find the following limits.

sin(2x)+7x ) lim sin(2x) © lim tan(4x)

a) lim
(a) x>0 3x x>0 sin(Sx) x>0 2x

17. Use the Squeeze Theorem to solve the following limits.
. 4 .+ 2 ]. . 5 3
(a) lim ’x sin (—j (b) lim x cos(—gj
x>0 X x—>0 b
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32 LESSON 2: LIMITS (Intro Calculus)

ymiTsS
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(Intro Calculus) LESSON 2: LIMITS 33

. £ED) — s £ ot =)
b whdt & Che y-value & x==]
-0 G nad (ble there 1o

Lot <=
,g_f\raiu.ﬂ when x=-=1.)

2. FY =) (ble doTar (1)) «
y=1 when x=[.)

3. f) == (b)e y=-)at x=2a
dett ot (2,~1) )

4. -C(“r’) \LOW\JAM
Luvak £6c) on »
A BT gt s e o=
L — | *O
R X'*';“”A €6<) aeo
u:QALw‘du x-:_,.;{p/\m'd\&
é:.é)t‘su.t and s2e what y-valne

9,,,,,4 A g ~vala
we WFMIT%
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34 LESSON 2: LIMITS (Intro Calculus)

Loonn -
X=»={" 6 = -) b/c d\lM
Lo do T the gmvedie I ~)

00 K- -1
¢ Lanr £60 =71 (bic thigraph
Lo oo Tx \é-wltu dg—) oo x‘a-n"')
Md’@“ X -~ s g ;X~>~)
e IV\MVL&.« X-9-|+
& That Lre Iherre

X - lx) apts L{Wam(;{
#‘l‘l— £ =x{‘>::7* )
@ (LBl =RH2)

[N &TI f&x) = ‘,J

'Z{:‘ CH2 == arel RH. =~
5. x-;)"'FéOz( (ble Y- Volue = |

: Ao x> |~ )
9 Lo £602 | atan
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(Intro Calculus) LESSON 2: LIMITS 35

16. Lo = LML =] awl

L. L ) = Lo Cry~vedoa o ¥
X"?‘-g*) T Lx—);g) 1
(2. L = - ~Wlue of =
X3+ £6<) l (afo.:((g‘:*.) '{

13. 'f*_;a £0x) doto net ewal
ble LHL=H ,RHL ==
. LHL #REL

- xoq- 1) ==e0 . na
b/e (é_-?\ra.lw uwwﬁm%
W oo XY

IS f‘_f;';,_.p&) s 0O

ble_ ~vedre %WW
Pos«x%‘.. 0o > YT

1. B £60 doe wst st

ble LHL=-s0 RHL=o0

LAHL ¥ RHL
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(Intro Calculus) LESSON 3: CONTINUITY 79
Lesson 3: Continuity

Memorize the Definition of Continuity:

f(x) is continuous at x=a if and only if lim f(x)= f(a).
X —>a

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. For the function shown below, determine for which x it is continuous. Justify your
answer.

x—-2 if x<-2

2
f(x)= );;24 if 2<x<1

4—x if 1<x

2. Is g(x) below continuous at x=1? (Justify your answer.)

x—_l x=1
2
g(x)= Nx*+3-2
3 x=1

3. For f(x) below, find a and b which will make the function continuous everywhere.

x*+4 if  x<0

f(x)=<ax+b if 0<x<3

% if x>3

4. Show that f(x)=x’+3x—1 has a zero between x =0 and x =1.

5. Show that f(x)=x*-x*—7x—4 has at least three zeros on [-4, 4].

© 1997-2011 Grant Skene for Grant’s Tutoring (www.grantstutoring.com) DO NOT RECOPY



96 LESSON 4: DEFINITION OF DERIVATIVE (Intro Calculus)

Lesson 4: The Definition of Derivative

Memorize the Definition of Derivative:

f'(x)=lim

h—0

P F ()
h

Lecture Problems:
(Each of the questions below will be discussed and solved in the lecture that follows.)
1. For f(x)=2x"+3x+1:
(a) Find the average rate of change of f(x) for the interval 0 <x < 2.

(b) Use the definition of derivative to find the instantaneous rate of change of f(x).

(c) Find the equation of the tangent line to y = f(x) atx=1in y=mx+b form.

2. For the functions below, find f'(x) using only the definition of derivative.

@ f(x)=5
1
® S)= 5

© 1997-2011 Grant Skene for Grant’s Tutoring (text or call (204) 489-2884) DO NOT RECOPY



110 LESSON 5: DIFFERENTIATION RULES (Intro Calculus)

LESSON 5: Differentiation Rules

All of the formulas on this page must be MEMORIZED

!

The Power Rule: (x) =nx"!
The Product Rule: (f.-g) =f'g+fg

T

The Quotient Rule: (Ej :M

B2

The Chain Rule:  (f(u)) = f'(u)-v

!

The Chain Rule Version of Power Rule: (u”) —nu"" U

Derivatives of Trigonometric Functions:

! ! !

(sinu) =cosu-u’ (tanu) =sec’u-u (secu) =secutanu-u’

! ! !

(cosu) =—sinu-u’ (cotu) =—csc’u-u’ (cscu) =—cscucotu-u’

Derivatives of Exponential and Logarithmic Functions:

’ ’ !

(¢) = (nay -

© 1997-2011 Grant Skene for Grant’s Tutoring (text or call (204) 489-2884) DO NOT RECOPY



(Intro Calculus) LESSON 5: DIFFERENTIATION RULES 111

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. Find the indicated derivatives for the following. You need not simplify your answer.

(@ y= F+£+— find % (b) y= J2 -5x° +5 , find y’
x+9x°+1 . , 0 . . dy

(o) y:W’ find y (d) y:(x2+1) , find I

(&) y=(4-6x*),find y’ ) y=2x*+1,find y’

(&) y=e"", find y’ (h) f(t)=¢* +4t, find f'(1)

4

@A f(x)= {’/x“ +(x+x° )_2 ind f1(x) @) y=(x+1)(x*+ 1)3 (x*-1), find y'

k) —& , find y' m y:(x2+n2)(5(x2+x+3)4j,find y'
X +2x+1°
. dy Jinx +2 . . dy
=In(x" -3x>+¢°), find = =——" ° find =
(m) y n(x xX° +e ) in ™ (n) y 3 in ™
(0) Q=5sin(27t+3), find aQ (p) C=sin’x, find dc
dt dx
3
(@) y=tanx’cos”x, find y' () y =[sec(1+4x5)}/2, find y'
.. dy cot(5x) .. dy
() y=+x+x csc(1/x), find G ® y= m, find G

2. Find an equation of the tangent line to the curve y = (x3 +x? + 2)5 when x=-2.

3. Find the equation of the normal line to the curve whose equationis y =2++/x*+3 at
the point on the curve with x-coordinate 1.

4. Given f(x)=(2x+ 5)3, compute f"(-2).

5. A point moves along the x-axis such that its position at any time ¢ is given by the function
x =5t —3t>. Find the position, velocity and acceleration of the point when t=2.

6. Wearegiven y=f (x2 + x) , where f is an unknown differentiable function.

We know f(2)=-5 and f'(2)=6. Compute %

x=1

© 1997-2011 Grant Skene for Grant’s Tutoring (www.grantstutoring.com) DO NOT RECOPY



152 DIFFERENTIATION RULES PrRooFs (Intro Calculus)

Be sure to MEMORIZE the PROOFS of THEOREMS 1 to 5.

One of these proofs is 99% certain to be on your U of M Midterm Exam.

Note: Anything I put in squiggly brackets “{ }” during the proofs are merely hints to help you
understand how to construct the proof. Do not write these hints down while you are
doing the proof on an exam. See page 2 above for the exact way to write the proof.

Required Theorem 1: (Differentiable Functions are Continuous)
(a) Prove: If a function f is differentiable at point a, then it is continuous at a.

(b) Is it true that if f is continuous at a it is also differentiable at a? Justify your answer.

Proof:

{This proof has been asked very frequently on exams.}

h)—
(a) Iffis differentiable at a, then f'(a) exists where f'(a)= hlimo flax 2 f(a) :
%
{We are simply stating the Definition of Derivative at a. We need to prove it follows that
hlim f(a+h)=f(a), an alternate form of the Definition of Continuity.}
-0

hhino f(a+h):hliin0 f(a+h)
:hliglo [f(a+h)—f(a)+f(a)]

= f(“hﬁ_f(a)-hw(a)i

a+h)-f(a
= lim A )= f( ) lim h + lim f(a)

h—0 h h—0 h—0
{: f'(a), by definition} {:0, simply subbing in h:O} { =0, since there is }

no h to replace with h=0

=f'(a)-0+ f(a)
 f(a)

We have proven hlim f(a+h)= f(a) meaning fis continuous at a.
-0

(b) FALSE. A function can be continuous at a but not be differentiable at a. For example,
f(x)=|x| is continuous at 0 but it is not differentiable at 0. {This example is sufficient
to prove this statement false. f(x)= |x| is a “V”-shaped graph with the point of the V at

0. You can’t draw a tangent line at a sharp point. No tangent line means no derivative
— not differentiable.}

© 1997-2011 Grant Skene for Grant’s Tutoring (text or call (204) 489-2884) DO NOT RECOPY



(Intro Calculus) DIFFERENTIATION RULES PROOFS 153

Required Theorem 2: (The Constant Multiple Rule)

Given that ¢ is a constant and f is a differentiable function, prove: (c- f (x))' =c-f'(x).

Proof:

{This proof is rarely on exams; probably because it is too easy. Make sure you know it
anyway!}

{We are proving what I call the Coefficient Rule. This is simply a matter of applying the
Definition of Derivative and factoring out the c.}

v e f(x+h)-c-f(x) .. f(x+h)-f(x)
(c-f(x)) _hhino h —c~hl1_r>no h

=f'(x), by definition

=c- f'(x) proven

Required Theorem 3: (The Sum Rule)

Given that f and g are differentiable functions, prove: (f(x)+ g(x))’ = f'(x)+g'(x).

Proof:

{This proof has been asked frequently on exams. It is simply a matter of applying the
Definition of Derivative and separating the “ f” and “ g ” parts.}

(£(x)+ g(x)) = tim LEHR*ECr)=(f()+g(x))

-0 h
_ lim f(x+h)—f(x)+g(x+h)-g(x)
h—0 h
A -f(x)glxrh)-g(x)
_h—>0 h h
= lim flx+h)-f(x) + lim g(x+h)-g(x)
h—0 h h—0 h
{=f(x), by definition} {=g'(x), by definition}

= f'(x)+g'(x) proven

© 1997-2011 Grant Skene for Grant’s Tutoring (www.grantstutoring.com) DO NOT RECOPY



154 DIFFERENTIATION RULES PrRooFs (Intro Calculus)

Required Theorem 4: (The Product Rule)

Given that f and g are differentiable functions, prove: ( f (x)g(x))' =f'(x)g(x)+ f(x)g'(x).

Proof:

{This proof has been asked very frequently on exams; probably because it is pretty
involved. Again, we are applying the Definition of Derivative but we have to do some
tricky algebra to get everything to work.}

(f(x)g(x)) = lim LXFREEx+R)=f(x)8(x)

h—0 h

{We are going to take the second part of the first term “g(x+h)” and the first part of
the second term “ f(x)”, and multiply them together: “g(x+h)f(x)”. We will then
insert this into the numerator in order to set up some factoring.}

We have subtracted g(x+h) f(x) and then
added it right back, so technically nothing has changed.

~im f(x+h)g(x+h) — g(x+h)f(x) + g(x+h)f(x) — f(x)g(x)

h—0 h

h—0 h h

{factor g(x+h) out to the right side} {factor f(x) out to the left side}

:lim[ f(x+h)g(x+h)—g(x+h)f(x) .\ g(x+h)f(x)-f(x)g(x) }

= lim f(x+h)_f(x)- lim g(x+h) +lim f(x)- lim glx+h)-g(x)
h—0 h h—0 h—0 h—0

[=f'(x), by definition|  {=g(x), seebelow|  {=f(x)|  {=g(x), by definition}

= §'(x)8(x)+ f(x)g'(x) proven
(Note that hlimog(x +h) = g(x) since g is continuous; differentiable functions are
-

continuous.) {Make sure you point this out or you will lose marks!}
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(Intro Calculus) DIFFERENTIATION RULES PROOFS 155

Required Theorem 5: (The Derivative of sin x.)

) ' .ood .
Prove: (sinx) =cosx (1.e.asmx:cosx).

Proof:

{This proof has been asked very frequently on exams; probably because it is pretty
involved. Again, we are applying the Definition of Derivative, but we have to use a lot of
memorized facts.}

{Make sure you have memorized the following facts:

0

The two key trig limits:  lim sinh _ 1 and lim cosh—-1 _
h—-0 h h—0 h

The trigonometric identity:  sin(x+h)=sinxcosh+cosxsinh }

. v .. sin(x+h)-sinx . sinxcosh+cosxsinh-sinx
(sinx) = lim = lim
h—>0 h h—>0 h

{We now switch the order of the second and third terms in order to group the two
sinx ” terms together.}

sinxcosh —sinx + cosxsinh

= lim
h—>0 h
| sin x cosh —sin x cosxsinh
= lim + Bttt
h—>0 h h
L NS
{factor sinx out to the left side} {pull cosx out to the left side]
. cosh-1 sinh
= lim |sinx-————+cosx-
h—-o0|
) ) . cosh-1 ) . sinh
= lim sinx- lim ——— + lim cosx- lim
h—>0 h—>0 h h—>0 h—>0

{:sin x} {:0} {:cos x} {:1}
=sinx-0+cosx-1
=COSX proven
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156 DIFFERENTIATION RULES PrRooFs (Intro Calculus)

Optional Proofs to Memorize

These proofs are unlikely to appear on a U of M exam but can be
memorized by the student who wants to be ready for anything.
ONLY MEMORIZE THESE PROOFS IF YOU HAVE LEARNED EVERYTHING ELSE.

Optional Theorem A: (The Quotient Rule)

Given that f and g are differentiable functions, prove: [f(x)j = f(x)g(x)-f(x)e'(x) .

Proof:

{This is similar to the Product Rule proof. They have never asked for this proof on a U of M exam and probably never
will. We begin by using the Definition of Derivative and simplifying the “Triple Decker” that appears.}

, f(x+h)_f(x)
(MJ=11m g(x+h) g(x) . flx+h)g(x)=f(x)g(x+h)

g(x)) n-o h — h-g(x+h)-g(x)

{We are going to take the second part of the first term “ g(x) ” and the first part of the second term “ f(x)”, and

multiply them together: “g(x) f(x)”. We will then insert this into the numerator, subtracting it first, then adding it
back at the end, in order to set up some factoring.}

i L rR)g(x) - g(x)f(x) - f(x)g(x+h) + g(x)f(x)

h—0 h-g(x+h)-g(x)

il FC a0 s () | FsCem g () |
_}11_)0_ h-g(x+h)-g(x) h’g(X+h)~g(x) } { h the sig }

{factor g(x) out to the right side} {factor —f(x) out to the left side}

:lim_[f(x+h)—f(x)]g(x) . —f(x)[g(x+h)—g(x)}:|

h-0| h-g(x+h)-g(x) h-g(x+h)-g(x)

zhm_f(Xth)—f(x). g(x) ~ f(x) .g(x+h)—g(x)}

h—o| h g(x+h)-g(x) g(x+h)-g(x) h

= lim f(x+h)_f(x)-lim g(x) — lim f(x) - lim glx+h)-g(x)
h—0 h h—>0g(x+h) g(x) h>0g(x+h)-g(x) h-o h

{=g'(x), by definition|

[=f(x), by definition} {

EACYRICY
g(x)-8(x) [g(x)]"

ey E) ) P f6E()f el f00s )
[s(0)] [e()] [s()] [e()] [s(x)]

(Note that hlim g(x+h)=g(x) since g is continuous, differentiable functions are
-0

proven

continuous.) {Make sure you point this out or you will lose marks!}
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(Intro Calculus) DIFFERENTIATION RULES PROOFS 157

Optional Theorem B: (The Derivative of cos x.)

' ) . d )
Prove: (cosx) =-sinx (1.e.acosx =—sinx).

Proof:

{This proof has never been asked on a U of M exam, but I could see the day when it will
be asked. It is very similar to the derivative of sin x proof: we are applying the
Definition of Derivative, but we have to use a lot of memorized facts.}

{Make sure you have memorized the following facts:

The two key trig limits:  lim sinh _ 1 and lim cosh-1_
h—-0 h h—0 h

0

The trigonometric identity:  cos(x+h)=cosxcosh—sinxsinh}

, . cos(x+h)—cosx .. cosxcosh-sinxsinh—cosx
(cosx) = lim = lim
h—>0 h h—>0 h

{We now switch the order of the second and third terms in order to group the two
cosx” terms together.}

cosxcosh—cosx —sinxsinh

= lim
h—>0 h
| cosxcosh—cosx sinxsinh
= lim — o Ae
h—>0 h h
L N
{factor cosx out to the left side} {pull sinx out to the left side]
.| cosh-1 . sinh
= lim |cosx-———— —sinx-
h—-0| h h
) . cosh-1 ) ) . sinh
= lim cosx- lim ———— — lim sinx- lim
h—>0 h—>0 h h—->0 h—>0

{:cos x} {:0} {=sin x| {:1}
=cosx-0—sinx-1

=—sinx proven

Now that the derivatives of sin x and cos x have been proven, it is
pretty straightforward to prove the derivatives of the other four trig
functions using the Differentiation Rules. It is merely a matter of
using the fact that all trig functions can be written in terms of sine
or cosine and applying some trig identities.
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sin x 0S X 1
Recall: tanx= , Cotx=—"— secx= , CSCX=—
cos X sinx COS X sinx

Optional Theorem C: (The Derivative of tan x.)

’ .o d
Prove: (tanx) =sec’x (i.e. Etanx =sec’ x).

Proof:

{This proof was asked on a U of M exam once; perhaps it will be asked again.}
{Make sure you have memorized the following identity: sin®x+cos*x =1}

 (sinx) TB—TB'
(tanx) = ook - —

_ (cosx)(cosx)—(sinx)(—sinx)

2
(cosx)
=1, by identity
/—/%
cos® x +sin® x 1 5
= - =———=sec’x proven
cos® x cos® x —_—

Optional Theorem D: (The Derivative of cot x.)

' . d
Prove: (cotx) =-—csc®x (1.e.acotx =—csc?x).

Proof:

{This proof has never been asked on a U of M exam; perhaps it will one day.}

{Make sure you have memorized the following identity: sin®x+cos*x =1}

' cosx TB-TB'
(cotx) =| = - ——
Sin x B
_ (—sinx)(sinx)—(cosx)(cosx) —sin®x —cos® x
- (sinx)2 - sin® x
=1, by identity
- (sin2x+cos2 x) 1

= — =——=—csc’x proven
sin® x sin® x —
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Optional Theorem E: (The Derivative of sec x.)

' . d
Prove: (secx) =secxtanx (1.e.asecx:secxtanx).

Proof:

{This proof has never been asked on a U of M exam; perhaps it will one day.}

(secx)' =[ L j - TB-T8' _ZTB'
COsS X B
_(0)(cosx)—(1)(-sinx) sinx
(cosx)2 cos® x
sin x 1 sin x

= = =secxtanx proven
COSX-COSX COSX COSX -

Optional Theorem F: (The Derivative of csc x.)

!

.o d
Prove: (cscx) = —cscxcotx (1.e.acscx:—cscxcotx).

Proof:

{This proof has never been asked on a U of M exam; perhaps it will one day.}

(cscx)':( _1 j — —TB_ZTB’
sin x B
_(0)(sinx)—(1)(cosx) —cosx
(sinx)2 sin® x
—COoS X -1 cosx

- . . = ; =—CscXxcotx proven
SINX -SINXx  SINnXxX SInx -
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Lesson 6: Implicit Differentiation

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. Find % in terms of x and y for the curve 4x’y* —3xy =5x+2y.

2. Given thaty is a function of x such that y sin(x/fx) +2x*tany’ =’
., dy .
find . in terms of x and y for the curve.
3. Find an equation of the tangent line to the curve xﬁ + y\/; =6 at the point (4, 1).

2
4. Find ny in terms of x and y for x° —y*+y® =x. Do not simplify.

2
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Lesson 7: Related Rates

In a related rates problem, you are given one or more rates and are asked to find an unknown
rate (see “Step 2” below for how you recognize a rate). The question is generally like, “How
fast is <blank> changing?”

Step 1: Draw a diagram and label its dimensions. Be sure you distinguish between
instants and constants. For example, if you are told the width is 10 cm but it is
changing at 2 cm/s, do not put 10 in the diagram, use a letter like w since the width
is varying. Constants can certainly be labelled on the diagram.

To deal with instants draw a second diagram labelling all the values that are only
true for that instant in time and use that diagram to help compute unknowns.

« ”

List all the rates in the problem as statements. Rates can be identified by

their rate units (blank per blank). For example, if we are told the width is

) ) dw )
increasing at 2 cm/sec, we can state = = 2. Be sure you also list the rate you
t

want to find in the problem.

An important tip is that the rates that will be relevant in the problem will use the
variables you labelled in your original diagram. For example, if your diagram has

dimensions labelled x and y, then you will expect the rates % and Ccli_Jt/ to be

either given or asked for. The only rates that may be involved in a problem that do

not relate to a labelled variable are 6(11—‘: , the rate of change of the volume (if cubic

. . dA
units are given, such as m’, cm?, ft’, etc.) and —, the rate of change of the area
t

(if square units are given, such as m?, cm?, ft?, etc.).

State the equation relevant to the problem, using your diagram to help. Perhaps it
is a volume formula; or area formula; or, for right triangles, the Pythagorean

Theorem (a2 +b* = cz) , etc. As long as all the variables in the equation have been

mentioned in your list of rates, you can proceed to the next step.

[13

%” both sides of the equation.

Sub in all the given instants you noted on your second diagram and all the given
rates you listed in Step 2, and solve the unknown rate. Be sure to write a sentence
stating your answer to their question, including the proper units.
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Memorize these useful Formulas and Facts:

Perimeter: Perimeter is the distance around a shape (how far you would walk if you walked
around the shape). Perimeter and circumference are the same thing. Circumference is
the term generally used for curved shapes. In general, to find the perimeter of an
object you simply add up the lengths of all of its sides.

Surface Area: In general, to find the surface area of an object you simply compute the area
of all of its separate surfaces and add them up.

Triangles: Area = %base x height
Right Triangles: a’ +b*> =c? where c is the hypotenuse; a and b are the two legs.

Rectangles: Area = length x width

Circles: Circumference = C = 2nr Area=A=mr’ where r is the radius.
Cylinders: Volume = Area of the circular base x height: V =ar’h

To find the Surface Area you must compute the area of the 2 circles that make up the top
and bottom of the cylinder (nr2 X2 = 2nr2) plus you must compute the area of the

cylindrical wall. To visualize the area of the cylindrical wall, think of a paper towel tube.
If you cut the tube down its length and flatten it out, you have a rectangle. The height of
the rectangle is the height of the tube h. The length of the rectangle is the length of the
circle you just flattened out (the length = the circumference of the circle = 2zr).
Therefore, the area of this rectangle is 2zrxh =2nrh.

Surface Area = Area of the 2 circles + Area of the cylindrical wall: A =2ar* + 2nrh

adjacent _ opposite

_Oppostte 0s6 = tané

Trig Ratios: SOHCAHTOA: sinf = = -
hypotenuse hypotenuse adjacent
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192 LESSON 7: RELATED RATES (Intro Calculus)

Lecture Problems:

(Each of the questions below will be discussed and solved in the lecture that follows.)

1. The top of a ladder 10 metres long rests against a vertical wall. If the base of the ladder
is being pulled away from the base of the wall at a constant rate of 1/4 metre per
second, how fast is the top of the ladder slipping down the wall when it is 6 metres
above the base of the wall?

2. At 1:00 PM ship A is 6 km due north of ship B. If ship A is sailing west at a rate of 10
km/h and ship B is sailing south at 12 km/h, find the rate at which the distance between
the two ships is changing at 1:30 PM.

3. A water tank has the shape of an inverted circular cone with base diameter of 6 metres
and height 4 metres. If water is being pumped into the tank at the rate of 2 m®/minute,
find the rate at which the water level is rising when the water is 3 metres deep. [Hint:

the volume of a cone is %nrzh N

4. A cylinder is being stretched in such a way that its volume remains constant while its
radius decreases at 2 cm/min. Does the surface area remain constant? If not, how fast is
the surface area changing at a moment when the radius is 10 cm and the height is 8 cm?

[Hint: the volume of a cylinder is nr*h, while the lateral surface area is 27rh .]

5. A5 foot tall woman is walking towards a 15 foot tall lamppost at 2 feet per second.
(a) When she is 6 feet away from the post, how fast is her shadow shrinking?

(b) How fast is the top of the head of her shadow moving at this time?

6. Alighthouse is located on a small island 2 km from the nearest point A on a long,
straight shoreline. If the lighthouse lamp rotates at 3 revolutions per minute, how fast is
the illuminated spot P on the shoreline moving along the shoreline at the moment when
P is 4 km from A?
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